This paper describes the combination of the method of fundamental solutions (MFS) and the dual reciprocity method (DRM) as a meshless numerical method to solve problems of thin plates resting on Winkler foundations under arbitrary loadings, where the DRM is based on the augmented polyharmonic splines constructed by splines and monomials. In the solution procedure, the arbitrary distributed loading is first approximated by the augmented polyharmonic splines (APS) and thus the desired particular solution can be represented by the corresponding analytical particular solutions of the APS. Thereafter, the complementary solution is solved formally by the MFS. In the mathematical derivations, the real coefficient operator in the governing equation is decomposed into two complex coefficient operators. In other words, the solutions obtained by the MFS-DRM are first treated in terms of these complex coefficient operators and then converted to real numbers in suitable ways. Furthermore, the boundary conditions of lateral displacement, slope, normal moment, and effective shear force are all given explicitly for the particular solutions of APS as well as the kernels of MFS. Finally, numerical experiments are carried out to validate these analytical formulas.
INTRODUCTION
In the last decade, researchers have paid attention to the meshless numerical methods without employing the concept of elements. Some parts among these meshless numerical methods are based on the concept of representing the thought function by radial basis functions (RBFs). In 1990, Kansa [1] developed the multiquadrics (MQ) method that used the RBFs to approximate the governing equations and boundary conditions simultaneously. On the other hand, Kupradze and Aleksidze [2] discovered the method of fundamental solutions (MFS) by adopting the fundamental solutions as the RBFs and locating the sources of these fundamental solutions away from the computational domains. Recently, some researches also consider the possibility of locating the sources on the boundary [3] [4] [5] [6] . Reviews of the MFS can be found in the recent literature [7, 8] . Although the MFS has an advantage over the MQ method that it requires only boundary collocations, its usage is limited to homogeneous partial differential equations. Detailed descriptions and comparisons of the MQ method and the MFS can be found in [9] . Specially, the MFS performed better for eigenproblems [10, 11] .
In the applications of traditional boundary element method, a lot of computational effort is required to calculate the domain integration for the source term. The dual reciprocity method (DRM) was thus first introduced by Nardini and Brebbia [12] to transfer the domain integral to boundary type by a series of RBFs in their pioneer work. On the other hand, Golberg [13] first combined the MFS and the DRM as a meshless numerical method to solve Poisson's equation. Later, Golberg and Chen [14] extended the MFS-DRM to Helmholtz and diffusion problems. In these works, the nonhomogeneous source terms were approximated by augmented polynomial splines introduced by Duchon [15] , which are constructed by splines and monomials. Thereafter, the MFS-DRM became a mature meshless numerical method to solve nonhomogeneous partial differential equations.
Although the MFS has been applied successfully to solve various partial differential equations, none of previous studies considered the MFS to problems that required kernels of complex coefficient operators. For problems of thin plates resting on Winkler foundations under arbitrary loadings, it involves the product opera-tor of two Helmholtz-type operators with complex coefficients. In this paper, we study the MFS to problems involving the product of two Helmholtz-type operators with complex coefficients based on the general theory mathematically established by Bogomolny [16] . On the other hand, the difference trick [17] is a well-known method to construct the fundamental solution for the product of some Helmholtz-type operators. In this work, we utilize the difference trick to find the analytical particular solutions of augmented polynomial splines for the product of two Helmholtz-type operators with complex coefficients. The analytical particular solutions for an individual Helmholtz-type operator are referred to the works of Cheng [18] and Golberg et al. [19] for splines and monomials respectively. It should be noted that the analytical particular solutions of monomials are also applicable when the Chebyshev method [20] is applied. Also, the explicit formula for the lateral displacement, slope, normal moment, and effective shear force are addressed for the kernels of MFS and the analytical particular solutions of DRM. Recently, the analytical particular solutions of multiHelmholtz-type equation are alternatively derived [21] .
A brief outline of the paper is as follows. We introduce the formulations of MFS-DRM for solving problems of thin plates resting on Winkler foundations under arbitrary loadings in Section 2. In Section 3, some numerical experiments are preformed and the issues of practically implementing the MFS-DRM are stated. Finally, the conclusions are summarized in Section 4.
MFS-DRM FORMULATION
Consider a thin plate resting on Winkler foundation in bending, with thickness h and midplane in the x 1 -x 2 plane. According to the basic assumption of the Kirchhoff theory, the lateral deflection u is considered to be independent of x 3 , and the transverse stressed are ignored. For homogeneous, isotropic, elastic plate, it is governed by [22, 23] 
where is q(x) is the density of lateral force at x = (x 1 , x 2 ), k is the foundation stiffness, and 
Eq. (2) can also been rewritten as Furthermore, some proper boundary conditions should be imposed:
In the above equations we denote
, and K v (u(x)) the lateral displacement, the slope, the normal moment, and the effective shear force respectively. Formally, (5a) and (5b) are selected for clamped boundary condition, (5a) and (5c) for simplysupported boundary condition, and (5c) and (5d) for free boundary condition.
In the MFS-DRM formulation, we linearly decompose the solution into
where the particular solution, u p (x), satisfies
and the homogenous solution, u h (x), satisfies
as well as the boundary conditions
In the MFS-DRM formulation, the particular solution is first approximated by the DRM [13, 14] and then the homogeneous problem can be solved by the MFS [16] , whose details will be described in the following sections.
Dual Reciprocity Method
Now, we are in a position to introduce the DRM. When the augmented polyharmonic splines are adopted in the DRM, the force term q(x) is approximated by 1 1 ( ; , ) (
where monomial basis consists of the family
is the n-th order polyharmonic spline. In Eqs. (12) and (13), r j = ||x − x j || is the Euclidean distance between the coordinates x and the prescribed points x j as depicted in Fig. 1 . Then, the M + N unknown coefficients, α j and β j , can be determined by collocation and constraint conditions as follows 1 1 ( ; , ) ( Fig. 1 Geometry configuration of the DRM where r ij = ||x i − x j ||. More details can be found in [15] .
In the spirit of DRM, the particular solution u p (x) is assumed as follows:
Details of P j (x) and F(r j ) will be given in the later subsection. Then, the boundary conditions of the particular solutions can be obtained by using Eqs. (5) and (6) as follows:
To complete Eq. (17), the partial derivatives ( ) ,
should be supplied which are given in Appendix I.
Method of Fundamental Solutions
After the particular solution is solved, the homogeneous boundary value problem governed by Eqs. (10) and (11) becomes well defined. Thus, the homogeneous solution can be solved by the well-known MFS. In the spirit of the MFS, the homogeneous solution can be represented as [16] :
where the kernels 1 ( ) ∇ −λ respectively as follows: 
where the modified kernels
are real functions as shown in Appendix II.
To determine the unknowns, 1
conditions in Eq. (11) should be imposed in suitable ways. For simplicity, the source points s j are considered as a priori known, the boundary conditions are simply collocated at L boundary points x i . It results in a linear equations system as follows:
and B 2 G 2 can be found by using Eq. (6) . In other words, we require the partial γ , and thus can be solved. The solvability of this linear equations system can be found in [16] . In this paper, we typically locate the boundary field points uniformly and place the source points stipulated out as depicted in Fig. 2 [24] . In which we define the parameter of source location b by ( )
where c is the geometric center. Before closing the MFS-DRM formulations, it should be noticed that we can get the desired solution by using Eq. (8) if the complementary and particular solutions are both solved.
Particular Solutions
In this subsection, we address the particular solutions in Eq. (16) . To be clearer, we are going to find particular solutions as follows: 
In order to find the solutions of Eq. (23), we first introduce the difference trick [17] . If we have Ψ 1 and Ψ 2 such that 2 2 1 1
for some prescribed function ϕ. And, we are going to find Ψ such that
Compare Eqs. (24) and (25), we have
Subtract Eqs. (26) and suitably arrange terms, we can obtain the desired formula:
Now we are in a position to solve Eq. (23). Using the difference trick (Eq. (27)) and the particular solutions of splines and monomials for modified Helmholtz operator given in Cheng [18] and Golberg et al. [19] respectively, we are able to obtain: 
This result has been checked by symbolic software MATHEMATICA. Before closing this subsection, it should be mentioned that the RBF f (r) = r 2n ln r, the corresponding particular solution and its partial derivatives may not be vanished when the Euclidean distance r approaches zero. Thus, the limit values are required in practical implementations, which are addressed in the Appendix I.
NUMERICAL RESULTS
In order to validate the proposed MFS-DRM formulations, we consider four numerical experiments as follows: a rectangle plate with clamped boundary condition, a rectangle plate with clamped and simplysupported boundary conditions, a rectangle plate with clamped and free boundary conditions, and a peanutshaped plate. In these four numerical cases, we setup the exact solution as follows:
which is the solution of
In all the numerical experiments, boundary conditions are set up according to these exact solutions. Also, D = 1 and v = 0.33 are assumed. After the validations of MFS-DRM formulations, we apply it to a benchmarked problem of a circular plate under uniform loading. In addition, we define the root-mean-square error as
where u numerical (x i ) is the numerical solutions obtained by the MFS-DRM equation (8) at x i , u exact (x i ) is the corresponding exact solution, and N is the number of total nodes considered.
Case I: A rectangle Plate with Clamped Boundary Condition We consider a square plate of size 2 × 2 suggested to clamped boundary conditions. Figure 3 gives the condition numbers and root-mean-square errors versus the parameter of source location. It is found that farther sources or larger ranks give worse conditioning but better accuracies. In the above descriptions, the rank is defined by the rank of the matrix resulted from Eq. (21) . This situation can be predicted by the general theory of MFS proposed in [24] . The best root-meansquare errors, 10 −6 ~ 10
, are achieved when b = 2 ~ 4. It is interesting to find that the accuracies do not get worse for b > 2 ~ 4. Figure 4 describes the condition numbers and rootmean-square errors versus the parameter of source location. Similarly, better accuracies and worse conditioning are found for farther source or larger rank. These phenomena are similar to the previous case and the theoretical prediction [24] . The best root-meansquare errors are also in the range 10 −6 ~ 10 −9 when b = 2 ~ 4. Also, the errors are hold for b > 2 ~ 4. From these results, it is also demonstrated that the MFS-DRM is able to solve the plate loading problems with simplysupported boundary condition accurately and stably. Fig. 4 The condition numbers (up) and errors (down) and of case II Case III: A Rectangle Plate with Clamped and Free Boundary Conditions Similarly, we replace the simply-supported boundary condition of the previous case by free boundary condition. Figure 5 gives the condition numbers and rootmean-square errors for the problem. It is observed the best accuracies 10 −5 ~ 10 −8 are achieved for b = 2 ~ 4, which are also of great accuracies although slightly worse than the previous two cases. Also, better accuracies are found for larger rank. On the other hand, in this case the accuracies become worse when b is larger than the best value. The reason is not clear. Overall, the MFS-DRM can also solve plate loading problems with free boundary condition accurately. In order to demonstrate the flexibility of the proposed numerical method to treat irregular domains, a peanutshaped plate, depicted in Figs. 1 and 2 , subjected to clamped boundary condition. The exact solution is the same as the previous cases. Figure 6 gives the condition numbers and root-mean-square errors for the problem. Although the accuracies are not perfect as the previous three cases, the errors are general good in the range 10 
where q 0 is the density of uniform loading and R is the radius of the plate. Figure 7 depicts the condition numbers and root-mean-square errors for the problem. The errors are general good in the range 10 −11 ~ 10 −13 , which is much better than the previous cases since the particular solution is analytical.
CONCLUSIONS
In this paper, the combination of the method of fundamental solutions (MFS) and the dual reciprocity method (DRM) is proposed as a meshless numerical method to solve thin plates resting on Winkler foundations under arbitrary loadings. In the DRM, the arbitrary distributed loadings are approximated by the augmented polyharmonic splines. Then, the nonhomogeneous solutions are able to be represented by a series of the analytical particular solutions of splines and monomials. The complementary solutions are then solved by the MFS. In addition, the boundary conditions of lateral displacement, slope, normal moment, and effective shear force are all given explicitly for the particular solutions of DRM as well as the kernels of MFS.
To validate the proposed numerical method, three numerical experiments of clamped, clamped and simply-supported, and clamped and free boundary conditions are carried out. Then, the method is applied to a problem of peanut-shaped domain to demonstrate the flexibility of the proposed numerical method to treat irregular domains. Also, the benchmarked problem of Fig. 7 The condition numbers (up) and errors (down) and of case V a circular plate under uniform loading is considered. From these results, it is convienced that the MFS-DRM is a suitable meshless numerical method to solve Kirchhoff plates resting on Winkler foundations under arbitrary loadings without integrations and singularities.
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APPENDIX I PARTIAL DERIVATIVES OF PARTICULAR SOLUTIONS AND THEIR LIMITS FOR R → 0
The partial derivatives of the particular solutions of DRM and the kernels of MFS are given as follows: 
